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Abstract
We consider a slight modification of the infinite range Coulomb
potential to take account of the finite size of the universe. Surprisingly,
the energy levels are almost doubled.
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We start by factoring in the finite size of the universe in the Coulomb poten-
tial which has infinite range. This can be done if we introduce the Yukawa
potential,
V (r) = αe−µr/r (1)
in place of the Coulomb potential. This has the range r ∼ 1
µ
which can be
taken to be the radius of the universe, into the Dirac equation instead of
the usual Coulomb potential [1]. We introduce (1) into the stationary Dirac
equation to get
[c~α · ~p+ βm0c
2
− (E − V (r))]ψ(r) = 0 (2)
From (2) and (1), we can immediately see that roughly the effect is to shift
the energy levels by a miniscule amount.
We further introduce the notation
Q = 2λr, where λ =
√
m20c
4 − E2
hc
, (3)
After the standard substitutions (Cf.ref.[1]) we finally obtain
dΦ1
dQ
=
(
1−
αE
hcλQ
)
Φ1 −
(
χ
Q
+
αm0c
2
hcλQ
)
Φ2,
1
dΦ2
dQ
=
(
−
χ
Q
+
αm0c
2
hcλQ
)
Φ1 +
(
αE
hcλQ
)
Φ2 (4)
The substitutions
Φ1(Q) = Q
γ
∞∑
m=0
αmQ
m,
Φ2(Q) = Q
γ
∞∑
m=0
βmQ
m. (5)
in (4) leads to
αm(m+ γ) = αm−1 −
(
αE
hcλ
)
αm −
(
χ+
αm0c
2
hcλ
)
βm,
βm(m+ γ) =
(
−χ +
αm0c
2
hcλ
)
αm +
(
αE
hcλ
)
βm. (6)
As is well known γ in (5) is given by
γ = ±
√
χ2 − α2, (7)
where λ is given by (3).
At this stage we remark that the usual method adopted for the Coulomb po-
tential is no longer valid - mathematically, Sommerfeld’s polynomial method
becomes very complicated and even does not work for a general potential:
We have to depart from the usual procedure for the Coulomb potential in
view of the Yukawa potential (1). Nevertheless, it is possible to get an idea
of the solution by a slight modification. This time we have from (6), instead
the equations
αm(m+ γ) = αm−1 −
αE
h¯cλ
αm +
αEµ
h¯cλ
αm−1
(−χβm)−
αmoc
2
h¯cλ
βm +
µαm0c
2
h¯cλ
βm−1 (8)
and
(m+ γ)βm = −
(
χ+
αm0c
2
h¯cλ
)
αm −
µαm0c
2
h¯cλ
αm−1
+
αE
h¯cλ
βm −
µαE
h¯cλ
βm−1 (9)
2
After some algebra on (8) and (9) we obtain
Pαm +Qβm = Rαm−1 (10)
Sαm + Tβm = Uβm−1 (11)
where P,Q, S, T can be easily characterized, in the derivation of which we
will neglect µ2 and higher orders.
If
αm/βm ≡ pm
then we have from (10) and (11),
Spm + T =
U(QS − PT )
(RSpm−1 − PU)
We note that the asymptotic form of the series in (5) will not differ much
from the Coulomb case and so we need to truncate these series. For the
truncation of the series we require
QS = PT
This gives{
1 +
χh¯cλ
αm0c2
}[
E
(
χ+
αm0c
2
h¯cλ
)
+m0c
2
(
m+ γ −
αE
h¯cλ
)]
=
(
m+ γ −
αE
h¯cλ
)
h¯cλ
αm0c2
[
E
(
m+ γ +
αE
h¯cλ
)
+m0c
2
(
χ+
αm0c
2
h¯cλ
)]
(m = 1, 2, · · ·)
Further simplification yields
(m+ γ)2 +
{
χh¯cλ+ αm0c
2
h¯cλ
}2
+
α2E2
h¯2c2λ2
where γ is given by (7). Finally we get, in this approximation,
E2 = m2
0
c4
[
1−
2α2
α2 + (m+ γ)2 − χ2
]
+ AO(
1
m2
) (12)
In (12) A is a small quantity
A ∼ m2
0
c4 − E2
3
The second term in (12) is a small shift from the usual Coulombic energy
levels. In (12) m is a positive integer and this immediately provides a com-
parison with known fine structure energy levels. To see this further let us
consider large values of m. (12) then becomes
E = m0c
2
[
1−
α2
m21
]
(13)
while the usual levels are given by
E = m0c
2
[
1−
α2
2m22
]
(14)
m1 and m2 position integers.
We can see from (13) and (14) that the Yukawa potential reproduces all
the energy levels of the Coulomb potential but interestingly (13) shows that
there are new energy levels because m2
1
in the new formula can be odd or
even but 2m2
2
in the old formula is even. However all the old energy levels
are reproduced whenever m2
1
= 2m2
2
that is, even if µ = 0, then as can be
seen from (2), we get back the Coulomb problem. In any case, the above
calculation indicates how the problem changes.
We must remember that these fine structure energy levels like the Lamb shift
which is of the order of 30cm wavelength are in the Radio range. So the effect
of these new levels would be minute signals in the radio spectrum beyond
the well known 21cm region of Hydrogen.
As is well known, these radio waves are reflected off the earth’s ionosphere
and would be difficult to detect on the earth. But recently NASA’s balloon
borne ARCADE experiments, operating from some 40 kms above the earth’s
surface, have tuned in to precisely such a radio sea [2, 3].
Finally, it may be pointed out that all this could be interpreted alternatively
as the photon having a miniscule mass ∼ 10−64gm [4]. In this case also the
above analysis would apply [4, 5, 6]
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